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Abstract 
Suppose we are given a family of sets W= {S(j), jgJ}, where S(j)= n;=, Hi( j), and suppose each 
collection of sets H,(j,), . . . . H,(j,+,) has a lower bound under the partial ordering defined by 
inclusion, then the maximal size of an independent subcollection of ‘Z is k. For example, for a fixed 
collection of half-spaces H, , , Hk in W’, we define V to be the collection of all sets of the form 
where xi, i = 1, _. , k are points in [Wd. Then the maximal size of an independent collection of such sets 
us k. This leads to a proof of the bound of 2d due to Renyi et al. (1951) for the maximum size of an 
independent family of rectangles in [W“ with sides parallel to the coordinate axes, and to a bound of 
d + 1 for the maximum size of an independent family of simplices in [W” with sides parallel to given 
hyperplanes H, , , H,, 1. 
1. Introduction 
A finite collection JZ? = {&i, i = 1, . . , n} of sets is said to be independent if every set of 
the form (-)l= r Xi, where each Xi is either Ai or its complement A;, is nonempty. 
Independence for sets arises in a variety of settings, some of which are described in 
Naiman and Wynn [3]. The problem of finding upper bounds for the size of an 
independent collection of sets with certain geometric properties goes back at least as 
far as to Renyi et. al. [S], who give upper bounds on the maximum possible number of 
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independent sets of a given type in IWd. They show among other results that the 
maximum number of independent rectangles (with sides parallel to the coordinate 
axes) in [Wd is 2d, and the maximum number of independent balls of equal radius in IWd 
is d+l. 
Naiman and Wynn [4] showed that the maximum number of rectangles in an 
independent collection in [Wd all of which are translates of one another is given by 
M(d)=L3d/2 J. 
2. The main theorem 
We generalize the result for rectangles in Renyi et al. [S] to other sets which are 
formed by intersecting translates of half-spaces. First we describe an abstract result in 
which geometry is not mentioned at all. 
Fix a family of sets %‘= {S(j), jEJ>, where each set S(j) can be represented in the form 
S(j)= A Hi(j) 
i=l 
for some (doubly-indexed) family of sets 
{H,(j),i=l,..., k,jEJ}. 
Theorem. Suppose every collection of k + 1 sets Hi( jl), . . . , Hi( j,+ r ) has a lower bound 
under the partial ordering dejined by inclusion, for i= 1, . . . , k. Then the maximum 
number of sets in an independent subcollection of 9? is k. 
Proof. Let S(l), . , S(k + 1) be sets in %?, so that 
S(j)= h Hi(j), j=l,..., k+l. 
i=l 
For fixed i, we can fix an index ji such that Hi( ji) is a lower bound for each of the sets 
Hi(j),j=l,..., k+l, that is, 
Hi(ji)GHi(j), j=l,..., k+l, i=l,..., k. 
Theset {ji,i=l,...,k} consists of at most k elements, so we can fix 
JE{l, . ..) k+l}-{j(i),i=l,..., k}, 
and we have 
Hi(ji)GHi(J), i= 1, . . . . k. 
Since J#j(i), for i=l,...,k we have 
Thus 
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and the collection cannot be independent. 0 
Corollary 1. Suppose H 1, . . , H, are half-spaces in Rd and %7 = %? { H 1, . . , Hk } denotes 
the collection of sets of the form 
S= f’ xi+Hi, 
i=l 
where x 1, . . . , xk are points in lWd. Then the maximum number of sets in an independent 
subcollection of % is k. 
Indeed, for each i the xi + Hi are totally ordered by inclusion, so the lower bound 
assumption is trivially satisfied. 
Based on the results Renyi et. al., Griinbaum [l] conjectured that the bound of d + 1 
for the maximum size of an independent collection holds whenever the collection 
consists of homothetic copies of a given compact convex set. This conjecture fails for 
translates of a given rectangle by the result in Naiman and Wynn [3]. Nevertheless, 
we are able to use Corollary 1 to obtain Griinbaum’s conjectured bound for simplices 
with parallel bounding hyperplanes. 
Corollary 2. The maximum number of sets in an independent family of d-dimensional 
simplices in Rd having parallel bounding hyperplanes is d + 1. 
As another simple application of Corollary 1 we obtain another proof of the 
following result. 
Corollary 3 (Renyi et. al. [S]). The maximum number of sets in an independent family 
of hypercubes in Rd with sides parallel to the coordinate axes is 2d. 
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